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This paper studies the relationship between the rook vector of a general board 
and the chromatic structure of an associated set of graphs. We prove that every 
rook vector is a chromatic vector. We give algebraic relations between the 
factorial polynomials of two boards and their union and sum, and the chromatic 
polynomials of two graphs and their union and sum. 
INTRODUCTION 
The purpose of this paper is to study the relationship between the rook 
vector of a general board and the chromatic structure of an associated 
set of graphs. Although part of a numbered series, this paper is self-contained 
except for a few comments on Ferrers boards at the end. 
A board B is a finite subset of N x Nwhere N = the set of positive integers. 
Thus, with [n] = {I, 2 ,..., n}, given a board B we have B C [c] x [r], that is, 
B has c columns and r rows (some possibly empty). Also, we may consider B 
as a subset of the set of cells of an n x n chess board; we shall frequently 
utilize this intuitive terminology. If B C [n] x [n], call B an n-board. For a 
board B, we let rb = rk(B) = the number of ways of placing k non-taking 
rooks on B (no two in the same column or row). The rook vector of a board B 
is defined to be the vector r(B) = (rO , r]. , r, ,...), where r,, = 1. If B is an 
n-board, then rk = 0 for k > n. Two boards are called rook equivalent 
if they have the same rook vector. The principal tools for studying rook 
equivalence have been combinatorial arguments and the rook polynomial 
c rk . xk. For a systematic treatment of this topic we refer to [5]; also to [l] 
for some results concerning Ferrers boards. In [3], for B C [c] x [r] and 
n 3 c we introduced the n-factorialpolynomial p,,(x, B) = x rk * (x),-k ,where 
(x)~ = x(x - 1)(x - 2) ... (x - j + 1) is the falling factorial, and used this 
in [3] and [4] to elucidate completely the structure of Ferrers boards. 
A proper coloring of a graph G (no loops or multiple edges) is a coloring 
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of the vertices of G such that adjacent vertices have different colors. Let 
c(x, G) be the number of proper colorings of G using at most x colors. 
It is well known that c(x, G) is a polynomial in x and is called the chromatic 
polynomial of G. 
In Section I we give a combinatorial correspondence which implies 
that essentially every board B determines a graph G such that pn(x, B) = 
c(x, G) (Theorem 3). For a graph G with IZ vertices and chromatic polynomial 
written in factorial form, c(x, G) = C qk . (x)~ , we define the vector 
c(G) = (qn , qn-1 >..., q2 , 41 > 0, 0,.-J 
to be the chromatic vector of G. It will follow that every rook vector is a 
chromatic vector (Corollary 4). We cite an example of a graph G for which 
c(G) is not the rook vector of any board. Also, our determination of graphs 
from boards yields a method for constructing chromatically equivalent 
graphs (graphs with the same chromatic polynomial). 
In Section II we consider unions and sums of boards and graphs. We 
give algebraic relations between the factorial polynomials of two boards 
and their union and sum, and also between the chromatic polynomials of 
two graphs and their union and sum (Lemmas 5 and 7). It will follow that 
if we have boards A and B and graphs G and H with p&x, A) = c(x, G) and 
P&, B) = c(x, H), thenp,+, (x, A u B) = C(X, G + H)andp,+,(x, A + B) = 
c(x, G u H) (Theorem 8). We give characterizations of graphs corresponding 
to boards and some examples of graphs which do not correspond to boards. 
Finally, we discuss some properties of the graphs corresponding to Ferrers 
boards. 
I. THE BASIC CORRESPONDENCE 
When we speak of a labeled graph, labeling a graph, or coloring a graph, 
we refer to the vertices; all graphs are unlabeled unless stated otherwise. 
Let G be a labeled graph with vertex set I/ = (1,2,..., n}. A partition of the 
set V into k blocks will be called a G-proper partition iB vertices i and j 
in the same block implies they are not adjacent in G. Clearly, a proper 
coloring of G using exactly k colors induces a G-proper partition of V 
into k blocks. Let qk = qk(G) = the number of G-proper partitions of V 
into k blocks. Then the number of ways of coloring G utilizing exactly k 
of x available colors is qk - (x)~ and the chromatic polynomial of G can be 
expressed in the factorial form c(x, G) = I: qn . (x)~ . 
An n?board B is called proper itf (a) (i, j) E B implies i > j, and (b) (i, j) E B 
and (j, k) E B implies (i, k) E B, that is, B is a transitive relation on [n]. 
Of particular interest are the extreme cases of such boards, & and T,, , 
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where (b,, is the empty n-board and T,, is the triangular board consisting 
of all of the cells below the diagonal in [n] x [n]. Thus, B is a proper n-board 
iff B C T, and B is transitive. 
1. THE BASIC CORRESPONDENCE. For B a proper n-board, let I’,(B) 
be the labeled graph having n vertices with labels 1,2,..., n where vertices 
i andj (i >j) are adjacent iff (i,j) 6 B. 
2. THEOREM. Let B be a proper n-board and let G = r,(B). Then r*(B) = 
s-d@; hence, P&, B> = 4x, G). 
Proof. Let V = {1,2,..., n> be the vertex set of G and let p be a placement 
of k non-taking rooks on B. Let p’ be the partition of Y determined by: 
{il > iz > *a* > im} is a block of p’ iff (a) no rook is in row iI , (b) rooks 
are on the m - 1 cells (iI, iZ), (is, i3> ,..., (im-1, i,), and (c) no rook is in 
column i, (see Figure 1 for an example). Moreover, a block of size m is 
determined by m - 1 appropriately placed rooks; in particular, {i} is a 
singleton block of p’ iff no rook is in either column i or row i. Thus, if p’ 
has s blocks of size m, , m2 ,..., m, , then k = C (mj - 1) = n - s; that is, 
p’ has )2 - k blocks. It is easily seen that the correspondence p -+p’ is a 
6 
t 
3 
: 
123456 
B - {(~,2),~4,2),~~,1),~5r2).~5,3~,~5,4~,~6,1~~ 
Rooka on cells: (6,1),(5.4).(4.2) - P 
Resulting prtition: {6.1), {S&,2) I (31 - P' 
FIGURE 1 
1 - 1 correspondence between the set of placements of k non-taking rooks 
on B and the set of G-proper partitions of V into n - k blocks; hence, 
rk(B) = q&G). We note that our correspondence p -+p’ is essentially that 
utilized in [2] to show that rk(T,J = S(n, n - k) (the Stirling numbers of 
the second kind). 
We now consider an arbitrary board B C [c] x [r]. Let B’ be B translated 
r units to the right, that is, (i,j) E B’ iff (i - r,j) E B. Then B’ is a proper 
(r + c)-board and we have P++~(x, B) = P~+~(x, B’) = c(x, r,+C(B’)). The 
following theorem and corollary are immediate. 
3. THEOREM. For mty board B, there exists a positive integer n and a 
graph G with n vertices so that p,(x, B) = c(x, G). 
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4. COROLLARY. Every rook vector is a chromatic vector. 
The converse of Corollary 4 is false. The simple circuit graph C, with 
6 vertices has chromatic vector c(C,) = (1, ,9, 20, 10, 1, 0, 0, ...) and this 
is not the rook vector of any board. The verification of this statement is 
by brute force and we omit it. 
If B C [c] x [r], B’ is B translated r units to the right, and G = Tr+C(B’), 
then G (the complement of G) is a bipartite graph. It is easily seen that 
conversely, if G is a graph with n vertices and G is bipartite, then we can 
determine a proper n-board B so that G = r,(B). We consider this property 
at greater length in the next section. 
If A and B are rook equivalent proper n-boards, then the graphs r,(A) 
and F,(B) are chromatically equivalent. Thus, we are led to a method of 
constructing chromatically equivalent graphs; however, in many cases the 
constructions yield the same graph (or isomorphic graphs) but with different 
labels. For example, the five boards of Figure 2 are rook equivalent proper 
5-boards and A, B and C yields the non-isomorphic but chromatically 
equivalent graphs G, H and K, respectively; however, boards B’ and B” 
again yield the graph H. 
G H x 
FIGURE 2 
If B is a proper n-board, then B is a proper m-board at least for all m 3 n. 
Thus, we have a sequence of graphs (I’,(B)) all having the same chromatic 
vector, namely the rook vector r(B). 
A new equivalence relation among graphs can be defined based on equal 
chromatic vectors. This relation is coarser than chromatic equivalence 
and seems worthy of further study. 
II. BOARD-GRAPHS AND ~-GRAPHS 
For A an m-board and B an n-board we define the union A u B and the 
sum A + B to be the (m + n)-boards given by: 
A u B = ((i,j): (i,j) E A or (i - m, j - m) E B}, and 
A + B = {(i, j): (i, j) E A u B or 1 <j < m and m + 1 < i < m + n}. 
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We recall some standard definitions from graph theory. For a graph G 
with vertex set V and UC V, let Gu denote the induced subgraph of G, 
that is, the maximal subgraph of G with vertex set U. For graphs G and H 
with vertex sets V and W, respectively, and V n W = o, let the union 
G u H and the sum G + H be the graphs with vertex set Vu W and 
adjacency defined by: 
(a) (G LJ H)v = G, (G U H)w = H and if u E V and w E W then v 
not adjacent to w; and 
(b) (G + H), = G, (G + H), = H and if ZJ E V and w E W then u is 
adjacent to w. 
For polynomials written in factorial form, say S(X) = Cz=“=, sk * (x)~ and 
t(x) = CzXO tk * (x)~ , we define the *-product of s(x) and t(x) to be 
in particular, (x)~ * (x), = (x),+, . 
5. LEMMA. For any graphs G and H, 
(a) cfx, G u H) = c(x, G) . c(x, H), and 
(b) 4x, G + H) = c(x, G> * 4x, H>. 
Proof. (a) is well known. To prove (b), we note that in any (G + IS)- 
proper partition of the vertex set of G + H, a block must consist entirely 
of vertices of G or entirely of vertices of H. Also, q,(G) = qO(H) = 0. Thus, 
4dG + HI = Z.,“=o qj(G) * qdH). 
6. COROLLARY. For any graph G and any m 3 1, the graph G + K, 
(K, = the complete graph on m vertices) has’ the same chromatic vector as G. 
Proox Since c(x, K,) = (x)~ , we have c(x, G + K,) = C q,(G) * (x)~+~ . 
7. LEMMA. For any m-board A and any n-board B, 
(a> pm+,Sx, A u B) = pm(x, A) * P-(X, B), and 
(b) pm+,(x, A + B) = p&x, A) * p,(x, B). 
Proof. (a) follows from the observation that the placement of any j non- 
taking rooks on A and k - j non-taking rooks on B yields k non-taking 
rooks on A u B, and conversely; thus, rk(A u B) = x:j”=, rj(A) * r,+(B). To 
prove (b), we note first that in placing G non-taking rooks on A + B, if we 
place i of them on A and j of them on B, then we can place the remaining 
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k = L - (i + j) of them on the n x m rectangular board in the lower right 
hand corner in (m - & (n - j),/k! ways; thus, 
pm+Jx, A +B) = y ( 
e=O i+j+k=t 
ri(A) r,(B) cm - ‘py -Ak (X)m+n-e) . 
In computing P&X, A) . pn(x, B), we shall utilize the identity 
(x), (XL = y (my)k (x),+,-k. 
k-0 
A proof of this identity is given in Corollary 12; however, it is provable 
directly by counting 1 - 1 maps. We have 
The result follows upon noting that ri(A) . r,(B) = 0 for i > m or j > n. 
Let G be a graph with n vertices. Call G a board-graph ilf there exists a 
board B Z [n] x N such that P,,(x, B) = c(x, G). Call G a r-graph iE there 
exists a proper n-board B such that G = I’,,(B). The following theorem is 
an immediate consequence of Lemmas 5 and 7. 
8. THEOREM. If G and H are board-graphs, then G u H and G + H are 
also. In particular, ifA is an m-board, B is an n-board, p&x, A) = c(x, G) and 
pn(x, B) = c(x, H), then pm+,4x, A u B) = 4x, G + H) andp,+,(x, A + B) = 
c(x, G u H). 
We are not able to say much more about board-graphs; however, we are 
able to characterize r-graphs. For G a graph with n-vertices, a labeling 
of G using the labels 1, 2,..., n will be called a I’-labeling iB for every three 
vertices U, u and w with labels 8, , /, and I, , if u not adjacent to o and u not 
adjacent to w but o adjacent to w, then e,, not between dfl and lw . 
9. THEOREM. A graph G is a r-graph @f-G has a r-labeling. 
Proof. For any labeling of G using labels 1,2,..., n, let B be the n-board 
defined by: (i, j) E B iff i > j and vertices i and j are not adjacent in G. 
Then B C T, and the labeling of G is a r-labeling B B is transitive, in which 
case G = r,(B). 
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10. COROLLARY. Every induced subgraph of a r-graph is a r-graph. 
The following lemma is immediate; we omit its proof. 
11. LEMMA. Let A be a proper m-board and B a proper n-board. Then 
A v B and A + B are proper (m f n)-boards. Furthermore, if we ignore 
labels, we have 
(a> r,+,(A + B) = r,(A) TV r,(B), and 
@> rm+,(A u B) = C&4 + r&9. 
12. COROLLARY. 
Proof (& * (x),, = c(x, K,) * c(x, K,) = c(x, K, u K,) 
= 4% ~m(h?z) u rn(hJ) 
= 4x7 rm+tdhn + AN = P,+&, RWJ 
where R,,, is the n x m rectangle in the lower right hand comer of 
[m + nl X [m + nl- 
13. THEOREM. A graph G is a r-graph t@each component of G is a r-graph. 
A graph G is a r-graph ireach summand of G is a r-graph. 
Proof. The “if” statements follow from Lemma 11. The “only if” 
statements follow from Corollary 10 upon noting that components and 
summands of a graph are induced subgraphs. 
We now consider some examples. It has already been noted that G is a 
r-graph if G is bipartite. It is easily seen that the simple circuit graphs G 
for m 3 5 do not have r-labelings; thus, none of these graphs are r-graphs. 
However, for m = 5, c(x, C,) = (x)~ + 5(x), + 5(x), = p5(x, B) for B = 
(1,~ (2,1), (3~1, (3,2), (4,211. Th us, C, is a board-graph but not a r-graph. 
It has already been noted that C,, is not even a board-graph. Since all trees 
with n vertices have the same chromatic polynomial, if any one of them 
_g 
FIGURE 3 
is a r-graph, then the remaining ones are at least board-graphs. It is easily 
seen that the tree given in Figure 3 does not have a r-labeling. In fact, 
a tree is a r-graph iff it does not have the graph of Figure 3 as an induced 
subgraph. 
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The following remarks assume knowledge of Rook Theory I. 
First we consider graphs G whose chromatic polynomial have only non- 
negative integer roots. Such graphs are called supersolvable by Stanley 
because their corresponding lattices of contractions [6] are supersolvable [7]. 
If 0 < tl < Tz < ... < t, are the roots of c(x, G), then 
c(x, G) = fi (x - tj) = fi (x + sj) 
i=l i=l 
where si = -ti . In view of the Factorization Theorem [3: Theorem 21, 
c(x, G) = pn(x, B), where B is the Ferrers board which has n-structure 
vector s,(B) = (.sl, s2 ,..., s,). The development in [3] shows that any such 
board B is a proper n-board. Thus any such graph G is at least a board- 
graph and there exists r-graphs which are chromatically equivalent to G. 
It has already been noted that if two boards are rook equivalent, their 
corresponding r-graphs are chromatically equivalent. In Rook Theory I, 
we described completely the equivalence classes of Ferrers boards. The 
r-graphs of these boards appropriately embedded are all complements of 
bipartite graphs. Furthermore, it is easy to show by using Whitney’s basic 
results on the lattice of contractions of a graph [8, 91, that, except for a 
few “small” boards, the r-graphs of rook equivalent Ferrers boards have 
non-isomorphic contraction lattices. This provides a systematic class of 
examples of chromatically equivalent graphs with distinct contraction 
lattices. 
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